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Abstract A single-oscillator Lorentz model is applied to

four different semiconductors having diamond-like crystal

structure to describe the temperature dependence of their

refractive index between 300 and 600 K. Theoretical results

are compared to previous experiments and to experiments

carried out in this study for Si, Ge, GaAs, and InP. An effi-

cient experimental method is also presented, enabling fast

measurements of the refractive index of materials. Using the

Yu-Brooks formalism and the energy bandgap at the X-point

of the Brillouin zone, the temperature-dependent refractive

indices are calculated and they agree well with experiments,

particularly, considering the simplicity of the Lorentz model.

However, there are discrepancies between the theory and

experiment at high temperatures (near 600 K) in certain

cases. This discrepancy may be due to the single-oscillator

approximation. Additionally the effect of ‘‘self-energy’’ on

the temperature dependence of the energy bandgap, such as

the temperature-dependent damping of the oscillation of

electrons, can be significant at higher temperatures.

Introduction

The knowledge of the refractive index of solids and espe-

cially semiconductors is of fundamental interest in diverse

fields such as optical instrumentation and optoelectronics.

The temperature dependence of this physical quantity has

often been studied experimentally and very few theoretical

models exist on this subject because the interaction of

lasers with solids is generally difficult to describe quanti-

tatively at high temperatures. The variation of the

refractive index with temperature is based on the thermo-

optic effect in which the phonons and electrons modify the

refractive index at different temperatures, affecting the

interaction of light with the material.

The purpose of this work is to present two meaningful

models based on the Lorentz model of dielectrics and the

works of Yu and Cardona [1] and Fan [2], in order to obtain

theoretical expressions for refractive index over a wide

range of temperatures (300–600 K). These models are

generally used to calculate the average values of the

thermo-optic coefficient dn/dT and rarely to analyze the

temperature dependence of refractive index. The theoreti-

cal model of this work is compared with experimental data

for four semiconductors such as Si, Ge, GaAs, and InP each

of which has diamond-like crystal structure. Also lights of

wavelength in the near infrared or the visible range are

considered to examine only the electronic contribution to

the thermo-optic effect.

Physical and mathematical model

The thermo-optic effect is a weak phenomenon which is

difficult to model. This weak phenomenon, however, has

tremendous impacts on a variety of high-technology
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applications such as optical communications and spectral

stability of lasers in resonators. Noting the simplicity of the

classical Lorentz model, this model has been used in the

present work by considering temperature-dependent mate-

rial properties to understand the variation of refraction

index (n) with temperature (T), i.e., n(T).

Single-oscillator model for n(T)

The model is developed in this study for wavelengths 1523,

1900, and 623.8 nm. The first two values belong to the near

infrared range and the last one to the visible range of the

electromagnetic spectrum. The electronic polarization

mechanism is dominant in this range compared to the ionic

polarization mechanism. So the ionic contribution to the

polarization can be neglected. Besides, the ionic contri-

bution is quite weak—although a little stronger in GaAs

and InP than in Si and Ge—in these semiconductors since

the thermo-optic coefficients are generally positive.

Considering bound and free electrons in semiconduc-

tors, the multi-oscillator model provides the following

expression for the refraction index [3]

n2 ¼ 1þ
Xp0

j ¼ 1

bound

N1e2

e0m

fj

x2
0j � x2

ð1Þ

by neglecting the damping effect for valence electrons and

the local field effects. x0j corresponds to the j-th resonant

frequency of an atom and fj to the corresponding oscillator

strength. This expression of n(T) is applied to the above-

mentioned four types of semiconductors.

Equation 1, however, is still very complicated because

every resonant frequency of an atom is generally unknown

especially at high temperatures. So a single-oscillator

model is adopted to write Eq. 1 in the following form

expressing the electronic refractive index as

n2 ¼ 1þ
x2

p

x2
0 � x2

ð2Þ

where xp is the electronic plasma frequency and x0 an

‘‘average’’ resonant frequency. To estimate this average

resonant frequency, �h:x0 is considered to be an energy

bandgap Eg. Following the work of Yu and Cardona [1], we

chose for �h:x0 the energy gap at the X-point of the

Brillouin zone, which is close to the energy corresponding

to the strongest peak in the reflectivity spectrum of the

group IV and group III-V semiconductors. The plasma

frequency xp is given by xp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ne2=ðe0mÞ

p
; where N is

the number of electrons per unit volume, e is the electronic

charge, e0 is the permittivity of free space, and m is the

mass of an electron. Based on these relations, the following

expression for the thermo-optic coefficient, dn/dT, can be

obtained from Eq. 2:

dn

dT
¼ n2 � 1

2n
�3aðTÞ � 2

Eg

1

1� E2

E2
g

dEg

dT

0

@

1

A ð3Þ

where a(T) is the linear thermal expansion coefficient. Equa-

tion 3 shows that the refractive index of a dielectric material

depends on temperature due to two basic properties of the

material, the thermal expansion and the temperature depen-

dence of the energy bandgap. In semiconductors and more

generally in a few ionic materials, the effect of the bandgap

shift on dn/dT is dominant and the thermo-optic coefficient is,

therefore, positive. The temperature dependence of the energy

bandgap is, however, difficult to obtain although the values of

a(T) are generally well known (Table 1).

Bandgap shift due to the electron–phonon interactions

The electron–phonon interactions, which modify the band

structure as the temperature changes, are considered to be

the dominant mechanism for the shift in the energy band-

gap. Two models for such interactions are reviewed below.

The ‘‘Fan’’ model

A model that will be used first to describe the electron-

phonon interactions is due to Fan [2]. It is based on

quantum mechanical interactions between the incident light

and the electrons and phonons evaluated using a pertur-

bation theory. Although this model is adapted to insulators,

it can be extended to metals and monatomic semiconduc-

tors with a good approximation [10]. For nonpolar crystals

such as Si and Ge, an expression of the variation of the gap

with the temperature can be obtained [2, 11] as

ðDEgÞelectron�lattice ¼� 2
3

q3
DM�hvs

X

�

ZqD

0

�
m�cC2

c

nq þ 1
2
� 1

2

q� 2vsm�c
�h

þ m�vC2
v

nq þ 1
2
� 1

2

q� 2vsm�v
�h

�
q2dq

ð4Þ

In Eq. 4, M is the ionic mass which can be taken as the

atomic mass to first approximation. vs is the sound velocity

of longitudinal phonons and qD is the Debye wave vector.

The determination of deformation potentials for the

valence and the conduction bands Cv and Cc is generally

a complicated problem. For our calculations, we consider

them equal and chose their values as the hydrostatic

deformation potential at the X-point of the Brillouin zone,
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because no other accurate values were available. In the

same way m�v has been considered equal to m�c ; the density-

of-states effective mass in the conduction band. These

approximate values of different parameters in Eq. 4 will

generally lead to inaccurate predictions of the optical

properties of materials, but such approximations do not

affect the underlying physical phenomena for the laser-

matter interactions. Finally the factor 2 in front of the

expression in Eq. 4 corresponds to the degeneracy due to

the electronic spin [7]. It should be noted that this

model does not consider the optical phonon modes; it

considers the acoustic modes [1] and the longitudinal

vibrations [10].

Yu-Brooks formalism

A second approach to express the temperature dependence

of Eg is to use the Yu-Brooks formalism [10]. The energy

gap Eg at the X-point of the Brillouin zone can be

expressed in terms of pseudopotential factors, which takes

the following form under the Debye-Waller approximation

[10]:

1

Eg

oEg

oT

� �

V

� �2 G~ð111Þ
���

���
2o �B

oT
ð5Þ

where G~ð111Þ is the reciprocal lattice vector 2p
ffiffiffi
3
p

=a and

o �B

oT
¼

3�h2Tf ðTD

T Þ
kBT3

DM
ð6Þ

with

f ðxÞ ¼
Z x

0

y2 expðyÞ
ðexpðyÞ � 1Þ2

dy ð7Þ

This formalism, which was originally developed for

monatomic semiconductors, has been extended to diatomic

semiconductors by Yu and Cardona [1]. For group III–V

semiconductors, the mass M is replaced by (MIII + MV)/2.

For our calculations we also need the Debye temperature.

Since the Debye temperature depends on temperature, its

value at room temperature is used in this study. As Tsay,

Bendow and Mitra [12] pointed out, the Yu-Brooks model

considers only the vibrations of the lattice and is

independent of the nature of the material. Yu and Cardona

[1] showed discrepancies with experimental data when

trying to describe the temperature dependence of

the energy bandgap. This point will be discussed in

section IV.

Model of this study

The lowest point of the conduction band of a direct

bandgap material occurs at the same value of k as the

highest point of the valence band. A direct optical transi-

tion is drawn vertically with no significant change of k,

because the absorbed photon has a very small wave vector.

The threshold frequency [13, 14] g x for absorption by the

direct transition determines the energy gap Eg = h xg. The

transition of an indirect bandgap material involves both a

photon and a phonon because the band edges of the con-

duction bands are widely separated in k space. The

threshold energy for the indirect process is greater than the

true band gap. At higher temperatures phonons are already

present; if a phonon is absorbed along with a photon, the

threshold energy h xg = Eg -hX, where X is the fre-

quency of an emitted phonon of wave [3, 7, 9, 15, 16]

vector K% -Kc.

Table 1 Physical parameters used in the theoretical models

Si Ge GaAs InP

a(T)(K-1) 2.5 9 10-6 T [4] 5.9 9 10-6 [5] -1.43 9 10-12T2

+ 3.12 9 10-9T

+ 5.24 9 10-6 [6]

4.56 9 10-6 [6]

B (GP) [7] 97.84 74.70 75.5 72.3

dEg /dP (10-6 eV/bar) 2.9 [7] 5.6 [7] 5.9 [8] 6.2 [8]

Eg (300 K) (eV) 4.27 [7] 4.39 [7] 5.2 [8] 5.2 [8]

N (300 K)a 3.57 [9] (k = 1523 nm) 4.11 [5] (k = 1900 nm) 3.49 [6] (k = 1523 nm) 3.17 [6] (k = 1523 nm

mv
* (m0 units) 0.669 [7] 1.01 [7] _ _

mc
*(m0 units) 0.669 [7] 1.01 [7] _ _

vs (m/s) [7] 8430 4920 _ _

TD (K) [7] 643 348 370 420

Cc (eV) [7] 2.9 5.75 _ _

Cv (eV) [7] 2.9 5.75 _ _

a (Å) [7] 5.4310 5.6579 5.6533 5.8690

a Values used for the comparison between the present model and experimental results from Ref. [6], [4] and [5]
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Now if we plug that value in Eq. 3, we get

For direct bandgap semiconductor [17]

dn

dT
¼ n2 � 1

2n
�3aðTÞ � 2

Eg

1

1� E2

E2
g

dEg

dT

0
@

1
A ð8Þ

From the above equation we get refractive index of

direct bandgap semiconductor as a function of temperature,

nðTÞ ¼
"

1þ ðnðTref Þ2 � 1Þ

exp

 ZT

Tref

�3aðTÞ � 2

Eg

1

1� E2

E2
g

dEg

dT

0
@

1
AdT

!#1=2

ð9Þ

Equation 9 can be rewritten for direct bandgap

semiconductor as,

nðTÞ¼
"

1þðnðTref Þ2�1Þ

exp

 ZT

Tref

 
�3aðTÞ� 2

hxg

1

1� E2

ðhxgÞ2

dðhxgÞ
dT

!
dT

!#1=2

ð10Þ

and similarly for indirect bandgap semiconductor we get,

ðTÞ ¼
"

1þ ðnðTref Þ2 � 1Þ

exp

 ZT

Tref

 
� 3aðTÞ � 2

hxg þ hX

1

1� E2

hxgþhXð Þ2
d hxg þ hX
� �

dT

!
dT

!#1=2

ð11Þ

Effect of thermal expansion on the bandgap shift

Thermal expansion causes relative displacement of the

valence and conduction bands in semiconductors [18, 19].

This phenomenon can be understood by the following

thermodynamic consideration.

oEg

oT

� �

P

¼ oEg

oT

� �

V

þ oEg

oV

� �

T

oV

oT

� �

P

¼ oEg

oT

� �

V

þ oEg

oP

� �

T

oP

oV

� �

T

oV

oT

� �

P

ð12Þ

i.e.

oEg

oT

� �

P

¼ oEg

oT

� �

V

�3aðTÞB oEg

oP

� �

T

ð13Þ

With this correction to Eg due to the thermal expansion

and noting that we work implicitly at a constant pressure,

one can substitute the following expressions for Eg into

Eq. 3:

1

Eg

dEg

dT
¼ � 3aðTÞB

Eg

oEg

oP

� �

T

; for the first model ð14Þ

and

Eg ¼ E0
g � ðDEgÞelectron�lattice � ðDEgÞthermal expansion

for the second model
ð15Þ

with

ðDEgÞthermal expansion ¼
ZT

0

3aðTÞB oEg

oP

� �

T

dT ð16Þ

The effect of the thermal expansion is generally not

negligible and has been included in our computations. The

values of the bulk modulus (B) and pressure coefficient

[(qEg/qP)T] are listed in Table 1.

Experiments

Experimental sources

Theoretical predictions based on the above-mentioned

theories have been compared to different experimental data

obtained in previous [4–6, 11] studies and in this study. For

the diatomic semiconductors GaAs and InP, the refractive

index is obtained as a function of temperature by inte-

grating the expression for the thermo-optic coefficient [6]

which was given for the wavelength of 1523 nm. The

results have been plotted in Figs. 1 and 2. Ge is obtained by

first fitting the experimental values [5, 11] of 1/n qn/qT as a

function of temperature and then integrating the resulting

1

GaAs

0

0.00002

0.00004

0.00006

0.00008

0.0001

0.00012

0.00014

0.00016

300

Temperature (°K)

K()
T

d/
n

d(
n/1

1-
)

2

1 Theoretical Curve 

2 Experimental Curve 

350 400 450 500 550 600

Fig. 1 Refractive index of GaAs between 300 and 600 K at 1523 nm

wavelength (experimental results)
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expression. This yields a straight line (Fig. 3) for the 1/n

qn/qT of Ge as a function of temperature. Similar proce-

dure has been adopted for silicon [4, 11] and its 1/n qn/qT

is plotted in Fig. 4. The coefficients of the curve fits are

listed in Table 2.

We have also carried out experimental studies to

determine the refractive indices of different semiconduc-

tors as a function of temperature. A scheme of the

experimental setup is shown in Fig. 5. A Helium–Neon

(He–Ne) laser with an output power up to 15 mW at

632.8 nm wavelength was used to irradiate the semicon-

ductor samples which were placed on a stainless steel base

heated with an induction heater. This method allows fast

heating of the samples without excessive heating of the

surrounding fixtures and easy access to the sample for

reflectometry. A water cooler was used to prevent melting

of the induction tube. The temperature of the sample was

measured with a thermocouple.

In this experiment, the laser beam is first transmitted

through a beam splitter, which is placed between the

sample and the He–Ne laser device, and then it irradiates

the sample at normal incidence. The beam is reflected by

the semiconductor sample toward the beam splitter which

directs a portion of the beam to a photodetector. A com-

puter interface was used for data acquisition to collect both

the temperature of the sample and the reflected power as

functions of time. These data were combined to express the

reflected power as a function of temperature, which have

been presented in Figs. 6–9 for Si, Ge, GaAs, and InP

respectively.

Determination of refractive index

The reflectance of the sample needs to be calculated based

on the experimental reflected power in order to obtain the

refractive index as a function of temperature. One has to

consider the losses on the laser energy due to the beam

splitter. Knowing the splitting ratio of the beam splitter and

the laser power measured by the photodetector, the total

reflected power can be determined. In the present case,

only 60% of the incident laser power reached the sample

and 40% was reflected by the beam splitter. Then only 40%

of the laser power reflected by the sample reached the

photodetector. So the reflectivity can be expressed as

R = I/(I0 9 0.4 9 0.6), where I is the laser power mea-

sured by the photodetector and I0 is the output power of the

He–Ne laser device. I0 was measured to be 10.7 mW by

placing the photodetector directly below the laser device.

InP

0.0000695
0.00007

0.0000705
0.000071

0.0000715
0.000072

0.0000725
0.000073

0.0000735
0.000074

300

Temperature ( °K)

K()
T

d/
n

d(
n/1

1-
)

1

2
1 Experimental Curve 

2 Theoretical Curve 

350 400 450 500 550 600

Fig. 2 Refractive index of InP between 300 and 600 K at 1523 nm

wavelength (experimental results)

1
2

3 
Ge

0
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0.00012

0.00014

0.00016

0.00018

300

Temperature (°K)

K()
T

d/
n

d(
n/1

1-
)

1 Experimental Curve 

2 Yu-Brooks formalism 

3 Fan Model 

350 400 450 500 550 600

Fig. 3 Refractive index of Ge between 300 and 600 K at 1900 nm

wavelength (experimental results)

1 Fan Model

3 Yu-Brooks ModelSi

0

0.00001
0.00002

0.00003

0.00004

0.00005
0.00006

0.00007

0.00008
0.00009

0.0001

300

Temperature (°K)

K()
T

d/
n

d(
n/1

1-
)

2 Experimental Curve

350 400 450 500 550 600

Fig. 4 Refractive index of Si between 300 and 600 K at 1523 nm

wavelength (experimental results)

Table 2 Polynomial fits of

experimental results in Refs [1],

[2] and [17]

Semiconductor on
oT ðK

�1Þ

Si (k = 1523 nm) -1.49 9 10-10 9 T2 + 3.47 9 10-7 9 T + 9.48 9 10-5

Ge (k = 1900 nm) 5.057 9 10-4

GaAs (k = 1523 nm) -1.86 9 10-10 9 T2 + 3.49 9 10-7 9 T + 1.47 9 10-4

InP (k = 1523 nm) -2.17 9 10-10 9 T2 + 3.50 9 10-7 9 T + 1.15 9 10-4
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Finally the refractive index can be calculated using the

expression n ¼ ð1þpRÞ=ð1�pRÞ [20] which is based

on the Fresnel reflection formula for normal incidence.

Both experimental and theoretical values of the refractive

index have been obtained for Ge, Si, InP, and GaAs. The

samples were cut into thin circular wafers. Their thickness

and dopant concentration are listed in Table 3. Every

sample was undoped or a low-doped substrate.

Comparison with theory

The theoretical values of the refractive index were calcu-

lated using the physical parameters listed in Table 1. The

values of n(T) obtained from the literature results [4–6]

have been compared to the theoretical curves determined

by using the Yu-Brooks formalism as shown in Figs. 1–4.

The Fan model has also been applied to the monatomic

semiconductors Ge and Si to calculate their refractive

indices (Figs. 3 and 4). The Fan model agrees well with

experiment for Ge. One can, however, notice significant

discrepancies for Si, which may be because this model is

mostly applicable to insulators and metals. Additionally

this model requires the values of different physical prop-

erties, such as the effective masses and deformation

potentials at the X-point of the Brillouin zone, which are

unknown. Accurate values of the deformation potentials

and the effective mass of holes are expected to improve the

model predictions.

Water cooler 

retaeh
noitcudnI

thermocouple

Photodetector 

T=f(t) P=f(t) 

Sample 

(λ = 632.8 nm, P = 10.7 mW) 

R
ES

A
L

Fig. 5 Experimental setup for reflected power measurement
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Fig. 6 Refractive index of GaAs between 300 and 600 K at

632.8 nm wavelength
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Fig. 7 Refractive index of InP between 300 and 600 K at 632.8 nm

wavelength

1

3

2

1 Experimental Curve 

2 Theoretical Curve 

3 Fitted Curve 

Si

0

0.00005

0.0001

0.00015

0.0002

0.00025

0.0003

300

Temperature (°K)

K()
T

d/
n

d(
n/1

1-
)

350 400 450 500 550 600 650

Fig. 8 Refractive index of Si between 300 and 600 K at 632.8 nm

wavelength

Table 3 Basic characteristics of the samples

Thickness (lm) Doping concentration (cm-3)

Si 690 ± 20 1010

Ge 3970 ± 20 5.1 9 1013

GaAs 400 ± 20 9.8 9 107

InP 400 ± 25 5.1 9 1015

Ge
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Fig. 9 Refractive index of Ge between 300 and 600 K at 632.8 nm

wavelength
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The Yu-Brooks formalism provides better agreement

between the theory and experiment for Si and Ge, and

satisfactory results for InP. For GaAs, however, the theory

and experimental data differ by about 15% at 600 K. This

discrepancy may be due to the effect of ‘‘self-energy’’ on

the temperature dependence of the energy bandgap, [7, 9]

which has not been considered in this work. This effect

generally reduces the energy gap and thus decreases the

refractive index. Yu and Cardona [1] observed discrepancy

in their results for the energy gap due to this effect.

The refractive indices obtained from the experimental

data of the present work are slightly smaller than those

obtained from the literature [12]. This is mainly due to the

uncertainties over the percentages of transmitted and

reflected light in the beam splitter and the spectral width of

the He–Ne laser used in this study. The refractive indices

have been fitted to second-order polynomials and then

deduced empirical equations of the thermo-optic coeffi-

cients are deduced as listed in Table 4. For each sample the

experimental refractive indices have been compared to the

theoretical values obtained from the Yu-Brooks formalism

(Figs. 6–9). While deriving the expressions for n(T) by

integrating the expressions for the thermo-optic coeffi-

cients, the initial condition to determine the constant of

integration was taken as the value of the refractive index at

300 K. This initial condition was obtained from the

reflectometry data at 300 K. Although the theoretical and

experimental values compare well for GaAs and Si, there is

a difference of about 15% for Ge and InP at 600 K. We

noticed in our study that the variation of the experimental

refractive index with temperature depended strongly on the

crystallographic plane and polishing of the sample surface.

Additionally the concentration of free electrons, whose

effect generally is not taken into account because of its low

level, may also influence the thermo-optic coefficient.

Conclusion

A model is presented for the temperature dependence of the

refractive index based on the Lorentz model with a single-

oscillator approximation. The model also employs the

Debye-Waller approximation for the temperature depen-

dence of the energy bandgap. The bandgap is taken equal

to the X-point of the Brillouin zone. Considering the

simplicity of the model, it compares well with experi-

mental results. Some discrepancies, however, are observed

for two samples (InP and Ge) which may be due to the

crystallographic plane of the sample surface and the

amount of impurity in the sample. The discrepancies could

also be due to the scattering (damping) effect in the

material and the self-energy effect on the shift of the

energy gap with temperature, which have been neglected in

this model.
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